We prove the formulae, conjectured in [T3], for the index of K-theory classes over the moduli of algebraic G C -bundles on a Riemann surface. The formulae generalise E. Verlinde's for line bundles and have Witten's integrals over the moduli space of stable bundles as their large level limits.
Introduction
Let G be a compact group and M the moduli stack of algebraic G C -bundles over a smooth projective curve Σ. For a representation V of G, call E * V the vector bundle over Σ × M associated to the universal G C -bundle. Call π the projection along Σ, √ K a square root of the relative canonical bundle, and consider the following classes in K * (M):
(i) The restriction E * x V ∈ K 0 (M) to a point x ∈ Σ; (ii) The slant product E * C V := E * V /C ∈ K −1 (M) with a 1-cycle C on Σ; (iii) The Dirac index E * Σ V := Rπ * (E * V ⊗ √ K) ∈ K 0 (M) along Σ; (iv) The determinant of cohomology det Σ V := det
We call (i)-(iii) Atiyah-Bott generators. Determinant line bundles (iv) are very special; when G is simply connected, the det Σ V and their roots are the semi-positive line bundles [LS] . This paper proves a formula for the index of polynomial expressions in the classes (i)-(iv); let us first explain what this means. For semi-simple G, the twist by any line bundle L of an external tensor product ⊠ E * V k over Σ n ×M pushes down along M to a well-defined class in K 0 (Σ n ). (More precisely, the total direct image lands in the bounded derived category of coherent sheaves: for L ≥ 0, this follows from the vanishing of local cohomology along most Atiyah-Bott strata [T2] , while for negative L, a different argument, based on the vanishing theorems of Kumar and Mathieu, shows the complete vanishing of the direct image.) Integrating this push-down over a product ×C k of cycles in Σ n gives our definition of the index over M of the twisted Atiyah-Bott monomial L ⊗ k E * C k V k . When π 1 G is infinite, so is π 0 M, and special L's are needed to ensure finiteness of the direct image; we shall use the admissible line bundles ( §2.1), closely related to determinants. Admissible classes are polynomials in the admissible line bundles and the Atiyah-Bott generators.
Motivated by twisted K-theory, index formulae for admissible classes over M were conjectured in [T3] ; we recall them in §2 below. They generalise Verlinde's formula for the dimension of conformal blocks, as well as Witten's integration formulae [W, JK, M] . Large "levels", or determinant twists, confine the index contribution to the moduli space M of semi-stable bundles. As the index over M is a (Hilbert) polynomial in the level, one can derive an index formula for any K 0 -class over M . In §5, we indicate how Witten's integration formulae over M arise from the Riemann-Roch formula in the large level limit.
The topological K * (M) can be defined as the inverse limit of equivariant K-groups, over finite unions of Atiyah-Bott strata. However, as the stack M has infinite type, the index of a vector bundle is a delicate notion, and a correct home for our classes, small enough to carry an index map to Z, seems difficult to indicate a priori. We have evaded this problem with our direct definition of the index. One of our formulae (2.18) shows that the index factors through the image in K * (M) .
Considering this difficulty, we were surprised to find a proof of our formula which relies on virtues of M that are not shared by its more traditional counterpart M , the moduli space. The key step applies Bott's classical reflection argument [B] to a Hecke correspondence, leading to a symmetry of the index that is absent over the space M . Namely, fix a representation V of G; further, for a weight λ of the maximal torus T ⊂ G, denote by V λ the induced virtual Grepresentation. Define a linear map from the ring of characters of T to Q [[t] ] by sending e λ to the index of L ⊗ exp[tE *
Σ V ] ⊗ E * x V λ . This turns out to be anti-symmetric for a certain action of the affine Weyl group, and is thereby constrained to represent a combination of δ-functions at prescribed, regular points of T . Using Atiyah's theorem on the index of transversally elliptic operators [A] , regularity of the support allows a reduction of the index to the stack of abelian (T -reduced) bundles, where it can be summed in closed form.
In this paper, we prove the conjectures for connected G with free π 1 . The method extends to all compact groups, but useful formulae require additional calculations (Remark 2.19).
The Index Formulae
Our first and more explicit formula has the flavour of Verlinde's original one, involving jets of G-characters at a distinguished set of "Verlinde points" in T . A key step in the proof is the second formula (2.18), expressing the index over M by virtual localisation to the stack M T of T C -bundles. A third and more conceptual formula involves twisted K-theory; for this, we refer to [T3] and the informal [T4] .
(2.1) Admissible line bundles. The bilinear form (ξ, η) → −Tr V (ξη) on g in a representation V depends linearly on c 1 (det Σ V ), so we can assign a form h to any root L ∈ Pic(M) of a determinant. Contraction with h sends the integer lattice log(1)/2πi ∈ it to its dual, 1 the weight lattice in it * , and descends to a homomorphism χ : T → T ∨ , the dual torus. The canonical bundle K = det −1 Σ g of M has a square root [LS] , and we call L admissible if the form h ′ = h + c assigned to LK −1/2 is positive. The associated isogeny χ ′ has finite kernel F ⊂ T ; let F ρ ⊂ T be the translate of F lying over e ρ/2πi ∈ T ∨ . The last point defines the Spin covering of T in the adjoint representation, irrespective of the Weyl chamber used to define the Weyl vector ρ.
Example. For SU(n), Pic(M) ∼ = Z, with ample generator O(1) = det Σ C n and K = O(−2n). T ∨ is the maximal torus of PSU(n) and χ, for O(1), is the natural projection. Hence, for L = O(h), F = F ρ comprises the (h + n) th roots of the centre of SU(n). The analogue holds for simply connected, simply laced groups, if n is replaced by the dual Coxeter number.
(2.3) Verlinde Formula. Let Θ be the sum of delta-functions on the regular conjugacy classes in G through F ρ and θ : R G → Z the linear functional on the ring of characters given by integration against Θ/|F |,
where ∆ is the anti-symmetric Weyl denominator α>0 2 sin(iα/2), normalised so as to square to the volume of the conjugacy class. The pairing U |U ′ → θ(U ⊗ U ′ ) is null on the ideal of virtual characters vanishing at F reg ρ and descends to a non-degenerate pairing on the quotient ring, the Verlinde ring at level h, which thereby becomes an integral Frobenius algebra; its complexification is the algebra of functions on F reg ρ /W . Verlinde's formula 2 equates the index of L with the "partition function" for Σ in the Verlinde ring,
where θ(f ) is the θ-value ∆(f ) 2 |F | of the projector supported at f , and g the genus of Σ.
2.6 Remark. Using F instead of F ρ gives a graded index formula, in which a component of M labelled by a co-weight γ is counted with sign (−1) 2ρ(γ) .
(2.7) Deformations. Given a representation V of G, consider the following formal 1-parameter family of complex transformations on T ; the gradient is taken in the metric h ′ of §2.1:
This defines a family of (complexified) transformations of the space G/G of conjugacy classes: note, by Weyl symmetry, that singular classes remain singular. The composition Θ t of Θ with (2.8) is a well-defined distribution depending formally on t, even if the points f t of its support move in complex directions (as happens when Tr V is not real). Let
] by the null ideal of the modified Verlinde trace
is a Frobenius algebra over C [[t] ], deforming the complexified Verlinde ring. Call Tr V (u)(ξ, η) = Tr V (uξη) for u ∈ T and ξ, η ∈ t, and denote by Tr V (u) † its conversion via h ′ to an endomorphism of t. In view of the volume scaling under (2.8), we have
(2.10) Alternate description of θ t . Strictly speaking, the following applies only when Tr V is real, but the closely related Fourier expansion of Θ t in §4 is free of this restriction. The push-down
with the delta-function δ ρ at e ρ/2πi ∈ T ∨ and the map χ ′ :
The former is the group algebra of π 1 T , so χ ′ t defines a homomorphism from π 1 T to the units in CR T [[t] ], and in this guise represents a (higher) twisting
2.11 Theorem (Index formula for even classes).
With t = 0 and the trivial representation U , this recovers Verlinde's formula (2.5).
ϕ n u n for u ∈ C × , the complex maximal torus, we have, as conjectured in [T3] ,
where the ζ t range over the solutions of ζ 2h+4 t · exp (tφ(ζ t )) = 1 with positive imaginary part, ϕ(u) = nϕ n u n andφ(u) = n 2 ϕ n u n .
2.13 Remark. The formula has a multi-parameter version for a family of transformations
; this determines the index of any admissible class:
(2.14) Odd generators. At a regular u ∈ T , we define a volume form dφ(u) on the vector space Φ Σ := H 1 (Σ) ⊗ t, using the intersection form η on H 1 and ∆(u) times (Haar measure on T ). We regard Φ Σ as an odd vector space, so its ring of functions is ΛΦ * Σ . The fermionic integral is the linear functional on ΛΦ * Σ which selects the coefficient of dφ(u). For instance, tensoring η with the quadratic form h ′ + tTr (2) V (u) on t defines a quadratic function S(u) on Φ Σ , and the reader will check using (2.9, 2.10) that
To an odd Atiyah-Bott class E * C W on M we assign, at each u ∈ T , the linear function iC
Thus, a skew polynomial ψ in the odd Atiyah-Bott generators defines a u-dependent function Λ(ψ, u) on Φ Σ . We can now state the most general index formula.
2.15 Theorem.
with the bilinear pairing on t * corresponding to h ′ + tTr
V (f t ) on t. (2.17) Abelian reduction. This alternative formula expresses the index over M of an admissible class E in terms of its restriction to M T . Call ν the virtual normal bundle Rπ * E * (g/t) C [1] of the morphism from M T to M and λ −1 the alternating sum of exterior powers; then,
The right-hand side needs clarification. Each component of M T is the product of the classifying stack BT C with an Abelian variety, and the index over M T is the sum of the T -invariant parts of indexes over these. Now, λ −1 ν * is not invertible in K * (M T ), but only in its localisation to the open set of regular points in T . The index of E/λ −1 ν * over each variety is then an element of R T [∆ −1 ], and its "T -invariant part" is not a priori defined. However, summing over all components results in a well-defined distribution on the regular part of T , supported on F reg ρ ; the order of δ-function derivatives is the degree of E in the E Σ -classes. (This is shown in §4.) We declare the index over M T to be the integral of this distribution over T , after extension by zero to the singular locus. Equivalence of formula (2.18) with (2.15) is shown in §4.
2.19 Remark. When π 1 G is free, the proof will show that summing over the relevant part of M T gives the correct answer for each component of M G separately. However, torsion in π 1 brings in additional contributions from principal bundles under the normaliser of T in G; see the closely related calculation in [AMW] for the line bundle case.
Abelian reduction
Abelian reduction (2.17) follows from Propositions 3.2 and 3.6 below. The first one constrains the format of the answer by symmetry alone; the second is merely an instance of localisation, mildly complicated by the need to control the infinite sums.
(3.1) Affine Weyl action. Recall ( §2.1) that contraction with h ′ , γ → ι(γ)h ′ , maps co-weights γ to weights of T . Define a homomorphism from the co-root lattice Π to the group of units
Multiplication by these units combines with the Weyl transformations to give an action of the affine Weyl group
Let B ⊂ G C be a Borel subgroup containing T , ρ ∈ it * the corresponding Weyl vector. Call V λ the virtual G-representation holomorphically induced from the weight λ of B, and let
, defined by e λ+ρ → I(λ), is anti-invariant under the affine Weyl action.
Proof. Weyl anti-invariance being clear from the Borel-Weil-Bott theorem, it suffices to confirm the sign change under the simple affine reflection S in any simple factor of g, the highest Weyl reflection s followed by translation by the co-root H of the highest root ϑ.
The stack M B of G C -bundles over Σ with B-reduction at a point x fibres over M, with the full flag variety G C /B as fibre. The Leray spectral sequence gives
where (λ) indicates the twist by the corresponding weight line bundle on M B . Let M ′ be the stack of G C -bundles with exotic parabolic structure at x associated to the far wall of the Weyl alcove. This corresponds [T2, §9] to the parabolic sub-algebra of P the loop algebra, on a small circle near x, spanned by the positive-root Iwahori and the conjugate of the simple affine root vector. The natural morphism p : M B → M ′ is a P 1 -bundle. We shall see that, after multiplication by L ⊗ exp[tE * Σ V ], the (total) direct images Rp * of O(λ − ρ) and of the formal series of weight line bundles exp [tO(∂Tr V /∂H)] (sλ + ι(H)h ′ − ρ) are "opposite in K-theory", in a sense to be made precise. The sign change in the index follows by pushing down to a point. Now, M B ∼ = S × SL(2) P 1 , for the principal SL(2)-bundle S → M ′ determined the simple affine root sl(2)-subalgebra. For products of SL(2)-homogeneous bundles over the two factors, we can define Serre duality along P 1 alone. For instance, the Serre dual DL is L(ι(H)h + ϑ), as ι(H)h switches the degree along the fibres and O(ϑ) is the relative canonical bundle. We claim that DL = L(ι(H)h ′ + sρ − ρ); similarly, DL(λ − ρ) = L(sλ + ι(H)h ′ − ρ). As ι(H)h and ι(H)h ′ are parallel to ϑ, the equalities merely express the relation c(H, H)/2 = ρ(H) + 1, in which both sides represent the dual Coxeter number of the simple factor containing ϑ.
Let ν be the highest weight of V , and let E ′ be the subsheaf of sections of E * V whose µ-weight component vanishes at x to order 1 2 (ν − µ)(H) or higher. This condition is P-stable, and so E ′ is lifted from a well-defined vector bundle over Σ × M ′ . The quotient Q = E * V /E ′ is supported on {x} × M B , and has a finite filtration whose associated graded sheaf is a sum (of direct images to Σ × M B ) of weight line bundles O(µ) on M B , for the weights µ of V and various multiplicities. (The filtration combines the Borel weight filtration in V with the vanishing order at x.) From its construction, the anti-symmetrisation s(grQ) − grQ is the sum of the weight line bundles in ∂E * x V /∂H. Taking the index along Σ, we obtain
for finite filtrations (term by term in t) on the two sides. These filtrations are compatible with our ad hoc definition of the index over M. Self-duality of SL 2 -representations shows that suitable gr's of the two total direct images to M ′ are isomorphic after shifts by ±1, and so pushing down to a point produces opposite indexes.
3.3 Remark. Applied to line bundles alone (t = 0), the argument shows that S implements a degree-shift in cohomology, consistent with the Borel-Weil-Bott theorem of [T1] .
(3.4) Example. When G = SU(2), M ′ is the moduli stack of pairs (E, L), where E is a rank 2 bundle with trivial determinant and L a line in the fibre at x. M ′ is the stack of rank 2 bundles with determinant identified with the line bundle O Σ (−x). The morphism p takes (E, L) to its subsheaf E ′ of sections whose value at x lies in L. The lines L assemble to the weight line bundle O(1) over M B . The irreducible bundles associated to E are its symmetric powers, and the maximal subsheaves in the proof of (3.2) are the symmetric powers of E ′ . The quotient S n E/S n E ′ is supported at x, its associated graded sheaf over M B is 0≤k≤n O(n − 2k) ⊕k and the anti-symmetrisation is O(k) ⊕k (k = n mod 2, |k| ≤ n).
3.5 Corollary. The linear functional e λ+ρ → I(λ) is a Weyl anti-symmetric linear combination of δ-functions on T .
Proof. Weyl anti-symmetry is clear. Assume first that G is simply connected, in which case Π = π 1 T . At t = 0, invariant functionals under the lattice Π are spanned by δ-functions supported on F . However, the t-deformed action is related to the one at t = 0 by the transformation (2.8), so the Π-invariant functionals are spanned by the δ-functions at the regular f t . In general, the W aff -symmetry of §3.1 can be enhanced by the action of the co-weights of the centre Z(G) ⊂ G: on the geometric side, these central co-weights define elementary transformations on bundles, which translate the components of M, and the multiplicative factor in §3.1 corrects for the change in L ⊗ exp[tE * Σ V ]. The extended lattice of symmetries is co-finite in the co-weight lattice, which forces our linear map to be a span of δ-functions, as before.
Let ν B be the virtual normal bundle of the morphism M T → M B ; it fits into an exact
. Let E be any admissible class.
3.6 Proposition. The functional e λ+ρ → Ind (M B ; E(λ)) defines a distribution on T , whose restriction to the regular points agrees with that given by Ind (
Proof. We will express the index functional as a sum of local cohomology contributions in the stratification [T2, §9] of the stack of G-bundles. Over the regular part of T , we will see that the strata of M T contribute as stated, while the other strata do not contribute. We use a generic polarisation to stratify M B into moduli stacks of semi-stable bundles for parabolic subgroups P of G C with B ∩ P -reduction at x. These map with smooth fibres to the stacks of semi-stable 3 principal bundles with structure group the Levi component R C of P , and with B ∩ R C -reduction at x. The fibres parametrise P -bundles with fixed R-quotient, and they are quotient stacks of affine spaces by nilpotent groups. Strata are labelled by R and by the topological type of the bundle, the parabolic slope, a (shifted-integral) co-weight of the centre Z = Z(R) which is positive on p/r C . The index over M B breaks up into a sum over the strata; the presence of admissible line bundle factors in E ensures that only finitely many strata contribute for fixed λ (a key argument in [T2] ), but we need finer control over the sum.
A stratum contributes the index of the residues with values in E(λ), as follows. Call E ′ (g C ) ⊂ E * (g C ) the subsheaf of those G-bundle automorphisms which preserve the B-reduction, and similarly for P and R. Pushing down to the stack of R-bundles, the functions on the fibres contribute a factor of Sym Rπ * E ′ (p/r C )[1] * , while the residue contribution is a factor of Sym Rπ * E ′ (g C /p) [1] , twisted by the determinant of the same Rπ * . For R = G, our stack of stable R-bundles is the quotient by T C of a quasi-projective variety on which the centre z ⊂ r acts trivially and t/z acts freely. The Narasimhan-Seshadri construction associates to it a "compact" differentiable stack, quotient by T -conjugation of a compact manifold M R of flat R-connections on Σ \ {x} (with prescribed, regular monodromy at x). It only differs from the "complex" stack in that the stabilisers, which are subgroups of Z C , have been replaced by their compact counterparts. The contribution to the index functional is the distributional index of the (transversally elliptic)∂-complex on M R , coupled to the lifts of E and the symmetric algebras.
We view our coefficients on M R as T /Z-equivariant bundles coupled to distributions on Z. 4 The product of the two Sym's and the det is represented by 1/λ −1 Rπ * E ′ (g/r) C on the g/r-regular part of Z, while the distribution relevant to the index summation above is the one, among the geometric expansions of 1/λ −1 , which converges in the positive region of Z C with respect to the parabolic slope. We can now check that the sum over parabolic slopes (for fixed R) converges in C −∞ , as follows. The bundles over two M R 's differing by a parabolic slope γ ∈ π 1 Z are related by the elementary transformation defined by γ. Its effect on 1/λ −1 is a shift by the character ι(γ)c of T , which gets added to the shift ι(γ)h on each line bundle factor of E. The Atiyah-Bott factors (i) and (ii) remain unchanged, while index bundles acquire a term linear γ (but bounded in Z-weight). The resulting sum is a Fourier expansion with polynomially growing coefficients, with degree bounded by the number of type (iii) factors in E.
For R = T , all stabilisers of the T -action on M R lie in the r-singular locus of T , by our assumption on freedom of π 1 : the centraliser of any regular T -element is T itself. The index theorem for transversally elliptic operators [A] asserts the same about the support of any index distribution. (The growth control just established suffices to extend this to the T /Z-index valued in the distributions on Z.) Over the regular part of T , we only see the torus contributions, and for r = t, the Sym and det factors assemble to 1/λ −1 ν * B , leading to our proposition.
Proof of abelian reduction. Formula (3.6) differs from (2.17) by the extra factor λ −1 (g/b) * in the denominator and the presence of O(λ) in the numerator, rather than E * x V λ . However, antisymmetry allows us to sign-average over W , and the Weyl character formula converts e λ−ρ /∆ into E * x V λ /|W |. Thus, the only discrepancy could come from singular points in T ; but this is disallowed by the Weyl anti-invariance (3.5).
Summing the M T contributions
We conclude the proof of Theorem 2.15 by computing the index for M T . Note that some conventions differ from [T3] . T as J γ × BT C , so that the projection to BT C lifts the T -representation C λ with weight λ to the line bundle E * x C λ . Each abelian variety J γ is isomorphic to J := J 0 . Calling ω the positive integral generator of H 2 (Σ), Ψ the duality pairing in H 1 (Σ) ⊗ H 1 (Σ) and using the natural identifications
With the cup-product form η ∈ Λ 2 H 1 (Σ), we note the relation, where λ 2 ∈ Sym 2 t * ,
Using the splitting of M T , we convert K-classes over it into cohomology classes on J × Σ with coefficients in R T ; thus, ch(E * x C λ ) becomes the character e λ , and (4.2) gives
whence we get on BT C × J γ , for any T -representations U, V , the two formulae 5) with the metric h = −Tr U on t and the Hessian 2-form Tr
Recalling the map χ t (u) = u h exp[td Tr V (u)] : T → T ∨ from (2.10) and summing over γ gives
to be integrated over u ∈ T and J. Agreement with Theorem 2.15 follows by identifying the fermion integration against e S dφ over Φ Σ with that against exp (h + tTr
(4.6) Connected G with free π 1 . We must identify the factor 1/λ −1 ν * . Using Serre duality,
and the right-hand side is equivalent to
both summed over the positive roots α. With the K −1/2 -form c = − α 2 on t, we have
Since ch(λ −1 V ) = exp − n>0 ψ n ch(V )/n and ψ n (e ±α ∧ α 2 ⊗ η) = ne ±nα ∧ α 2 ⊗ η,
With h ′ = h + c, summation over γ leads to the following answer on T × J, which agrees with (2.15) after identifying the fermionic and J-integrals:
5. Witten's formulae from the large level limit
Assume now that the genus g is 2 or more. Were M a compact manifold of complex dimension d = (g − 1) dim G, Riemann-Roch would enforce the behaviour
for any K-class E and its nth Adams power. Instead, M is stratified by stacks with compact underlying moduli spaces. If E has positive level, only a finite collection of strata, depending on E but not on n, contribute to the index of ψ n E. (This follows from the vanishing of most local cohomologies [T2] .) For dimensional reasons, unstable strata contribute o(n d ), but the leading n d term is slightly complicated by the singularities of the moduli space M . More precisely, the index of ψ n E over the semi-stable stratum is that of its invariant direct image to M . However, consider instead the invariant direct image of the pull-back bundleẼ to the orbifold desingularisationM of M , obtained by Kirwan's method [K] . The two indexes agree, and when ψ n E descends generically to M (which is certain to happen when n divisible by the order of the generic stabiliser), the leading term in theM index is n d M ch(Ẽ). It is slightly more convenient to find the leading term in the twisted limit K 1/2 ⊗ψ n (K −1/2 E). Let E = L ⊗ exp[tE *
Σ V ], specialising to even generators for simplicity, and note that
Since h ′ is scaled by n and d Tr ψ n V (u) = n · d Tr V (u n ), the transformation (2.8) is unchanged, and the effect of this twisted ψ n is to compose the map χ ′ t : T → T ∨ of Remark 2.10 with the nth power map on T . As n → ∞, we claim that the n d contribution to the sum in Theorem (2.11) come from those points f t located near the centre of G. Rescaling their logarithms in the Lie algebra by n recovers Witten's sum over integral weights 5 in [W, §5] , with potential Q = h ′ (φ, φ) + Tr V (e φ ), φ ∈ g. The Weyl denominator in the θ t converges, after rescaling by a power of n, to the dimension formula for the representations. For brevity, we only spell this out for G = SU(2).
With notation as in §2.12, we can set for the solutions near 1 of ζ (2h+4)n t · exp [tφ(ζ n t )] = 1 ζ t = exp πik t (h + 2)n ,
with k ∈ Z + , where k t = k + k 1 t + k 2 t 2 + · · · formally solves the equation
Given k, the Weyl denominator in §2.12 is ζ t − ζ appears first to differ from [W] , in that the dimensions k of the irreducible representations have been deformed here to the solutions k t of (5.3). The formulae are reconciled by observing that our numerator in (5.4) is the Jacobian determinant of the map ξ → ξ + t∇Tr V (e ξ ) on the Cartan sub-algebra, whereas its counterpart in [W] is the Jacobian of the same transformation on g; their ratio is the volume ratio of the two co-adjoint orbits, namely k 2 t /k 2 .
